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1. INTRODUCTION 
In this paper we study automorphisms and derivations of Lie algebras 
over an arbitrary field. The material generalizes results of [I], [4], and [S]. 
Many of the arguments used in [I], [4], and [S] are used in proving the gener- 
alizations. 
One of the purposes of the paper is to prove the following theorem: 
THEOREM. Let 2’ be a Lie algebra of characteristic 0, or of characteristic 
p > 0 such that (ad 9)~ C ad 9. Let G be a solvable group of semisimple 
automorphisms of 2’ and let Go be the Zariski-connected component of the 
identity in G. Then if G/G, is supersolvable, G stabilizes a Cartan subalgebra 
of 9. 
The remaining material, much of which is needed for the proof of the 
above theorem, is concerned with studying the eigenspaces of semisimple 
automorphisms and derivations of a Lie algebra; and with studying auto- 
morphisms of solvable Lie algebras. This material contains the following 
results on a Lie algebra 9 over a field of characteristic p, p being possibly 0: 
THEOREM. Let A be a group and let 64 be A-graded. Let Q be a Cartan 
subalgebra of -P1 and let 23 be the Fitting null space of ad 8. Then if A is ap-group 
and (ad 2?)P C ad 9, 8 is a Cartan subalgebra of 9; and if A is cyclic, 23 is 
solvable. 
COROLLARY. If (r is an automorphism of 9 and 6 is a Cartan subalgebra 
of the Fitting null space of (r - I, then the Fitting null space of ad 6 in 2’ is 
solvable. 
* This work was supported by research grant NSF-GP-4017 and by the Army 
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COROLLARY. If 9’ has an automorphism which has nofixedpoint in Y --. {0}, 
then 9 is solvable. 
THEOREM. Let Y be solvable. Let G be a group of semisimple automor- 
phisms, whose Zariski-connected component of the identity is solvable. Then G 
stabilizes a Cartan subalgebra 8 of 9; and zjr G has no jxed point in 9 - (O}, 
such a 6 is unique. 
2. PRELIMINARIES 
We assume some familiarity with Lie algebras and algebraic groups (e.g., 
Chapters I-III of [6] and ExposCs l-7 of [2]). 
Throughout the paper, 2 denotes a (finite-dimensional) Lie algebra over 
a field F of arbitrary characteristic p. (p = 0 is allowed). For each field exten- 
sion K of F we let ZK = JZ’ OF K; and we identify each element 8 of 2 
with the element 4 @ 1 of PP,. ZK can be given precisely one Lie algebra 
multiplication over K such that Y is a Lie subring of PK, and we regard 5$ 
as a Lie algebra over K relative to this multiplication. If 8 is a subset of 
ZK, UK denotes the K-span of 8 in -EK. In particular, YK = OEPK. 
Let JV be a family of linear transformations of a (finite-dimensional) 
vector space V over F such that the linear Lie algebra generated by M is 
nilpotent. Let V,(J) = fiNeN V,,(N) where V,,(N) is the Fitting null 
component of V’ relative to N; and let Y,(&“) = fli,r V(M*)i where J’* 
is the enveloping associative algebra of JV. Then V = V,(H) @ V,(X) 
([6], p. 39). The subspaces Vs(Jlr), V,(X) are X-stable, and are called, 
respectively, the Fitting zero and one components of V relative to JV. If K 
is an extension field of F, then V, = VK = V,(M) K @ V,(J) K (we 
use the notation introduced in the preceding paragraph, regarding V as an 
Abelian Lie algebra), and it is easily seen that VO(Jlr) K = (V,), (Jr/-), 
V*(M) K = (V,), (X) (regarding JV as a family of transformations of V, 
when appropriate). If F is algebraically closed and JV is a diagonal- 
izable family of transformations of V, then it is easily seen that 
V*W) = LF V,(M) where 9 = I is the set of nonzero functions 
from M into F and Va(.A’J = {v E V 1 vN = a(N) v for N in JV}. 
Let Aut 3 and Der 2 be respectively the automorphism group of 2 and 
the derivation algebra of 2. Aut dp is an algebraic group ([J], p. 143). Let G 
be an Abelian subgroup of Aut 2. Let G - 1 = {U - 1 ) (T E G}, Let 
pi(G) = pe(G - 1) and Z#(G) = P*(G - 1). Then 2 = Pi(G) @ S#(G) 
and the subspaces Pi(G), -Ep#(G) are G-stable (e.g., since G centralizes 
G - 1). PEP,(G) is a subalgebra and [Zi(G), pEo#(G)] C S#(G). (By above 
mentioned field extension properties of the Fitting decomposition, it suffices 
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to prove this in the case where F is algebraically closed; and then it is clear 
from Exercise 5, p. 54 of [6] since G is Abelian). If F is algebraically closed 
and G = T is a torus in Aut 2, then B = CwA @ Za( T), where A = Char T 
is the group of rational characters of T, and 
for a, b E Char T ([6j, E xercise 5, p. 54). If N is a nilpotent subalgebra of 
Der -Ea, then Z’ = ,E&V) @ pEp,(.N). ZO(N) is a subalgebra of 2 and 
[-Y,,(N), P&V)] C -K&V). (For th’ is, we again can assume without loss of 
generality that F is algebraically closed, and then the validity of the assertion 
is clear from (Chapter III, Sec. 4 of [q). If F is algebraically closed and M 
is an diagonalizable subalgebra of Der 2, then Z&V) = CaZO @ Y&V) 
and PW’I -%@‘31 C %+dJcT) f or a, b E s’(N) u (0) ([q, Chapter III, 
Sec. 4). 
A linear transformation in Y over F is semisimple if the induced linear 
transformation on Yk over K is diagonalizable, K being the algebraic closure 
of F. 
8 is w-restricted (or weakly restricted) if (ad U)p C ad 2 (where 
(ad 9)” = {ad@ 1 IE a} if p # 0 and (ad 2)” = ad 0 if p = 0). If 
p # 0,8 is w-restricted if and only if a pth power mapping can be introduced 
in S relative to which Y is a restricted Lie algebra in the sense of Jacobson 
([6], Theorem 11, p. 190). B is w-restricted if and only if SK is w-restricted 
for every field extension K of F. (This is also clear from Theorem 11, p. 190 
of Fl). 
Subsets of Horn= (V, V), V being a (finite-dimensional) vector space over 
F, are given the relative Zariski topology. If G is a group of nonsingular 
transformations in V, then the connected component of the identity in G 
is denoted by G,,; and the index (G : G,) of G, in G is finite ([2], Section 
l-03, Proposition 31. 
3. A-GRADED LIE ALGEBRAS 
Let A be a group. 
DEFINITION. A Lie algebra 2 together with a vector space decomposition 
.V = CmA @ Pa is an A-graded Lie algebra if [Z= , g6] _C 2ab for all a, b E A. 
In an A-graded Lie algebra $4, s1 is a subalgebra and ad, Z1 stabilizes 
_Ep, for all a in A. (Here 1 denotes the identity element of A). 
We shall investigate the representation adz ] g4, of s1 on 49. 
DEFINITION. A group A is a O-group or of exponent 0 if A is torsion free. 
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LEMMA. Let A be a group, 9 a finite-dimensional A-graded Lie algebra. 
Suppose that ad9 Zl consists of nilpotent transformations. Then 
(a) if A is torsion free, 2 is nilpotent; 
(b) ;f A is a p-group and 9 is w-restricted, 5? is nilpotent; 
(c) if A is cyclic, dp is solvable. 
Proof. We first prove (a) and (b). Let S = UBEA ad 9=. To show that 9 
is nilpotent, it suffices to show that for a # 1, ad Za consists of nilpotent 
transformations; for then S must be a weakly closed set of nilpotent trans- 
formations and consequently must have a nilpotent enveloping associative 
algebra S* r> ad 2. ([6j, Chapter II, Sec. 21. If A is torsion free, ad -E”, 
consists of nilpotent transformations for a # 1 (since for x E Za , 
P*(ad x)” Z 6pb,, an d 6pb,, is (0) for all but finitely many n). Thus there 
remains only the case p > 0, Y w-restricted, A a p-group. Again take 
x E 9=. Let (order a) = pe. Since dp is w-restricted, there exists y E 9 
such that (ad x) pe = ad y. Since the order of a is p”, ad y stabilizes 
all the Ph. Let y = CceA @ yc with yc E 9c for all c E A. For s in 
Zb , 9b EI [s, y] = Ce [s, yJ. The bcth coordinate of [s, y] is [s, yJ, and only 
the bth coordinate is possibly nonzero. Thus [s, yc] = 0 for c # 1. Thus yc 
is central in 9 for c # 1 and y = yr + y* with y.+ central in 9. Now 
(ad x)“’ = ad y = ad y1 E ad Y1 . Since ad 9r consists of nilpotent trans- 
formations, ad x is nilpotent. Thus ad Ya consists of nilpotent transformations 
for all a. Thus 9 is nilpotent, and (a) and (b) are established. 
Now suppose that A is cyclic. We may assume by (a) that A is finite. 
Regard A as an additive group, let 0 denote the identity element of A and let 1 
denote a generator of A. Order A such that 
(1) a<a+l foraf0. 
Ir follows that 
(2) a < 0 for all a f 0; 
(3) a + b = c and a > c + b 3 c. 
Case 2. Assume that B = [Z, 91. We proceed to show S = CO>. We 
begin by showing inductively that 9 = 9t,, for all a in A, where ,Epr,l is the 
subalgebra of 9 generated by UbBG 6pb . Clearly 9 = 9&I . Suppose that 
9 = 9fG, . Then 9 = [9 tal , 5?tol] and one sees easily that 9 is the sum 
of subspaces of the form Z&j = [e*+ [Pi, gf,l 9Q *.. PQ where (i) =(i,,...,&), 
r 3 2 and ij > a for allj. In particular, an element of-E”, is a sum of elements 
of the form dci, E Z&j where (i) = (il ,..., i,), r > 2, ij > a for all j and 
C; ij = a. For such an 8(i) , let a, = xi-l ij , a, = i, . Then we have 
(1) a, + a2 = a and a2 2 a; 
(2) l(i) = Lx, yl with x E %, , y E %, - 
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By the order properties on A, aa > a ti a, >, u; and clearly 
a2 =CZ*CZ, = 0 while a, = a 3 a2 = 0. Thus either a, > a and 
a2 > a, in which case Lu, E Z&+il; or {a,, aa} = (0, a>, in which case 
lti) E 6”, ad &. Thus 9a C PL~+~~ + 6p, ad 9s. Thus 
=% (ad %Jc C %,+1~ + % (ad =-%) *+I 
for all i. (?&+rl is ad Pa-stable). Thus Pa c Zta+rl + 9a (ad ZO)I+l for all i. 
Since ad 9a consists of nilpotent elements, the term 9a (ad 9J*+l becomes 
(0) for i sufficiently large (by Engel’s theorem). Thus -E”, 2 -YL,+~J . Thus 
2 = 9t,l = Z?~~+ij . By induction, 9 = 6prb] for all b in A. Thus 
9’ = Yrol = Pa. Thus 9’ is nilpotent by Engel’s theorem. (Recall that 
ad 9s consists of nilpotent elements). Thus, since 9 = [dp, FJ, Y = {O}. 
Case 2. We now drop the assumption that 9’ = [J.?, 91. Choose i 
such that 9’@) = [Zu), 9(t)]. B = 9cr) becomes an A-graded Lie algebra 
upon letting %J3, = b n Za; and then ad% 8, consists of nilpotent transfor- 
mations. Upon applying case 1 to 8, we find that 9ci) = B = (0). Thus 9 
is solvable. 
If Z1 = (0) in the above lemma, (a) and (b) imply that 8 is nilpotent if A 
is torsion-free or if 9 is restricted and the exponent of A is p; and (c) states 
that 8 is solvable if A is finite cyclic. These important special cases are proved 
in [4] and [8], respectively, in less abstract contexts. 
THEOREM 1. Let A be a group and let 8 be a finite-dimensional A-graded 
Lie algebra. Let 8 be a Cartan subalgebra of gl . Then 
(a) if A is torsion-free, -EpO (ad 6) is a Curtun subalgebra of 64; 
(b) if A is a p-group and 9 is w-restricted, ZO (ad 6) is a Cartan subalgebra 
of 2; 
(c) ;f A is cyclic, ZZO (ad 6) is solvable. 
Proof. Let B = 9s (ad O), b* = 9* (ad 6). 8 is a Lie subalgebra of 8; 
and the normalizer -K(B) of B in 9 is b since 9 = 23 @ b* , [b, S,] C 93, 
and 0 C 8. B becomes an A-graded Lie algebra upon letting 8, = 9 n 9, . 
Since ?-?3i = (,E”l),, (ad 6) = 6, adB 8, consists of nilpotent transformations. 
Thus the lemma applies to 8. Now (a) and (b) of the theorem follow from 
(a) and (b) of th e 1 emma since X(B) = b; and (c) of the theorem follows 
directly from (c) of the lemma. 
4. PROPERTIES OF THE ~-SPACE OF A GROUP OF AUTOMORPHISMS OF 9 
THEOREM 2. Let G be an Abelian group of automorphisms of 3. Let 8 
be u Cartan subalgebra of Zl(G). 
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Then 
(a) if the Zariski closure of G is a torus, 2” (ad 6) is Q Cartan subalgebra 
of 2; 
(b) if G is cyclic, PO (ad 8) is solvable. 
Proof, Let K be the algebraic closure of the underlying field of 9. Identify 
MK and MK for all subspaces M of 8. One easily see that EK is a Cartan 
subalgebra of YI(Ghr = (PK)r (G). (Here the operation of G in Y is extended 
to a K-linear operation of G in J&). Moreover 9s (ad Qb = (gK), (ad BK). 
Thus 9a (ad 8) is a Cartan subalgebra of 9 if (9’& (ad 6,) is a Cartan 
subalgebra of -EpK; and Z0 (ad 0) is solvable if (9&, (ad BK) is solvable. 
Finally, if the Zariski closure of G as a linear group in 9 is a torus, the Zariski 
closure of G as a linear group in ,EpK is a torus. Thus we may assume without 
loss of generality that the underlying field of 9 is algebraically closed. 
First assume that the closure of G is a torus. The l-spaces of G 
and its closure coincide; so we may assume that G is a torus. Now 
9 = CaeA @ Ta(G), where A is the group of rational characters of G; and 
A is torsion-free since G is a torus. Thus 9s (ad S) is a Cartan subalgebra of 
.!Z by Theorem 1. 
Now assume that G is cyclic with generator u. The l-spaces of u and its 
semisimple part (also an automorphism of 9) coincide; so we may assume that 
0 is semisimple. Now u is diagonalizable. Thus the closed subgroup S of 
Aut 9 generated by u is diagonalizable and urn E S’s where m = (S : S,,). 
Choose t in S, such that urn = P. (This is possible since, as a torus, S, is 
m-divisible). Let r = ut-l and note that P = 1. Choose a sequence 
s,csz-c-* of finite cyclic subgroups of S,, such that 
(1) the order of Sd is relatively prime to m for i > 1; 
(2) (Jial S, is dense in S,, . 
This can be done using the methods of ([2], Sec. 6-13). Let Ti = (T) Si 
(i> 1). Then T,S T,_C *a. is a sequence of finite cyclic subgroups of S 
such that (Jtrl Ti is dense in S. (For S = (T) St,). Thus for some i, 
5$(u) = gI(Ti). Choose such an i and let r be a generator of Ti . Then 
9r(u) = -Ep1(~). This shows that we may assume without loss of generality 
that u is semi-simple and of finite order. Let n be the order of u and let A 
be the group of nth roots of unity. Then the eigenspace decomposition 
~=aLO%( > f u o u in Y provides dtp with the structure of A-graded Lie 
algebra. Since A is cyclic, 9s (ad 6) is solvable by Theorem 1. 
COROLLARY 1. If 9’ has a fixed point-free automorphism U, then 9 is 
solvable. 
The above corollary is proved in [?I] for automorphisms of finite order. 
ON GROUPS OF AUTOMORPHISMS OF LIE ALGEBRAS 137 
5. AUTOMORPHISMS AND CARTAN SUBALGEBRAS OF 
SOLVABLE LIE ALGEBRAS 
THEOREM 3. Let 2’ be a solvable Lie algebra. Let G be a group of semi- 
simple automorphisms of Y such that G, is solvable. Then 9 has a Cartan 
subalgebra which is stable under G. 
Proof. We first show that G has a normal Abelian subgroup H of finite 
index. Regarding G as a subgroup of Aut Pz, K being the algebraic closure 
of F, we let H be the K-Zariski connected component of the identity in G. 
Then the K-Zariski closure of H in Aut gz is triangulizable by Kolchin’s 
theorem ([7], p. 19). Thus H(l) consists of unipotent elements. Consequently 
H(l) = (1) and H is Abelian. 
Since G, is contained in the relative F-Zariski closure of any such H in G, 
G, is Abelian. Thus the F-Zariski closure T of G, in Aut Y is a torus. 
We are now ready to prove the theorem by induction on the dimension of 
2. The assertion is clearly true if dLp is Abelian (e.g. if dim 2 = 1). We now 
assume that P(l) # (0) and that the assertion is true for Lie algebras of 
dimension less than dim 8. 
Suppose first that G, # (1). Then the closure T of Gs in Aut 9 is a torus 
and T is normalized by G. Thus G stabilizes gI( T). By the induction assump- 
tion, d%;(T) has a Cartan subalgebra 0 stable under G. By Theorem 2, 
% = za (ad 0) is a Cartan subalgebra of 2. X is clearly G-stable. 
By the above arguments, we may assume that G is finite. Suppose first 
that the ideal ‘u = Ya = n Tipi is Abelian. For such an $P, it is shown in 
Chapter 5, Sec. 7 of [IO] that B has a Cartan subalgebra 0 such that 
3 = 0 @ 2X, and that the group exp ad ‘u = (1 + ad a 1 a E Vl> of auto- 
morphisms of 2 acts transitively on the set of Cartan subalgebras of .Y. 
(For infinite fields F, this also follows from material in [I]). Fix such an 0. 
For a in G, choose a, in ‘u such that 00 = 0 exp ad a,. Since 0 is self- 
normalizing and exp ad a = 1 + ad a for a in ‘u, there is only one such a, 
for a given u in G. It is easily seen that the mapping a, from G into B is 
a 1-cocycle: arrr = (a$ + a7 for u, T in G. Since H1(G, U) = (0) [(2f, +) 
is uniquely n-divisible where n is the order of G, since either p = 0 or 
p # 0 and (p, n) = 11, th ere exists c in ‘u such that a, = c - ti for 
(T E G. For such a c, 0 exp ad c is G-stable: 
0 (exp ad c) u = 0iaa-l (exp ad c) u = 0 exp ad a, exp ad E 
= 0 exp ad (c - cu) exp ad cu = 0 exp ad c. 
We now consider the general case. We may assume that G is finite and 
that Y(l) # (0). Let B be the last nonzero term of the series Yo). Then b 
is a proper characteristic ideal and G induces a finite group of semisimple 
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automorphisms in Y/“ls. Thus by the induction assumption, 9 has a G-stable 
subalgebra &Z containing B such that &!/B is a Cartan subalgebra of P/R 
Thus &P C 23. Since 8 is Abelian, J&‘” is Abelian. Thus by previous work, 
d has a G-stable Cartan subalgebra 0. By the properties of such an .k, 
described above, it follows that .&’ = 6 @ Mm _C 6 + 8. We claim that 6 
is a Cartan subalgebra of 9. Thus let x in 9 normalize Q : [x, 61 C 6. 
Then [x, &‘j _C JZ since &Z’ = (li + 9. Since A/S is a Cartan subalgebra 
of P/S, we have x EA. Thus x E 6 and 8 is a Cartan subalgebra of 8. 
COROLLARY 2. Every solvable Lie algesra 9’ has a Cartan subalgebra. 
The statement of Corollary 2 is trivial if F is infinite. For finite F, a simple 
direct proof (dependent on the previously mentioned results of G. 
Seligman [20]) is obtained by taking G = {I} in the proof of Theorem 3. 
THEOREM 4. Let 9’ be solvable. Let G be a subgroup of Aut 9 such that 
Yl(G) = (0). Then ;f G is completely reducible, Y has at most one G-stable 
Cartan subakebra. If G is as in Theorem 3, 9’ has precisely one G-stable 
Cartan subalgebra. 
Proof. We may assume without loss of generality that F is algebraically 
closed. 
We first assume that G is as in Theorem 3, and show that G is completely 
reducible on 9. It was shown in an above proof that G,, is diagonalizable; 
hence that the closure T of G,, is a torus normalized by G. Let H = GT. Then 
it suffices to show that H is completely reducible. (A subspace of Y is H-stable 
if an only if it is G-stable). Since T as a torus is completely reducible, and 
since T is normal of finite index in H, it suffices to show that (H : T) is 
relatively prime to p. (By a version of Maschke’s theorem [16j). By Sylow’s 
theorem, it therefore suffices to show that for h in H = GT, h’ E T for some 
integer r relatively prime to p; and we clearly may assume that h E G, hence 
that h is semisimple. Choose m = per such that h” E T. [Here we take 
(p, r) = 11. As a torus, T is m-divisible. Thus hm = tnt for some t in T. Now 
(ht-l)’ has order pe. Thus since (ht-l)’ is semi-simple, (ht-l)’ = 1. Now 
h7 = t7 E T, as desired. Thus G is completely reducible. 
Now let G be completely reducible. 
First assume that .Zm is not abelian and let &! be a proper characteristic 
Abelian ideal of 9 as constructed in an above proof. Let Bi be G-stable 
Cartan subalgebras of 9, $ their images in 8 = 5?/&? (i = 1,2). The I&. 
are G-stable Cartan subalgebras of 8. (Here G acts in 5? in the obvious way), 
Since -Y1(G) = (0) and G is completely reducible, pr(G) = (0). Thus 
I& = $ by induction on dim 9. Since Z’m is not Abelian, 
Q1 + J%’ = 6, + .& is a proper G-stable subalgebra of 9. Thus Qr = 6, 
by induction on dim 9’. 
ON GROUPS OF AUTOMORPHISMS OF LIE ALGEBRAS 139 
Finally suppose that X = Za is Abelian and let 6, , 6, be G-stable. Then 
the subgroup U = exp ad 2I of Aut 8 acts simply transitively on the Cartan 
subalgebras of 2l; and for g E: G, g-l exp ad ag = exp ad us as noted in an 
above proof. If u E U and (6,)u = @a , then SiU = (6ig-‘U)g = %JQ1-lUg and 
u = g-lug for g in G. If u = exp ad a, this says that a E 52QG) = (0) and 
u=l. Thus Q,=6,. 
COROLLARY 3. Let 2’ be a Lie algebra with a fixed point free automorphism 
u. Then 9 has a unique u-stable Cavtan subalgebra. 
Proof. Since u is fixed point free, 2? is solvable. If the characteristic is 
p > 0, choose 7 = &‘” with e sufficiently large that r is semisimple. If the 
characteristic is 0, let 7 be the semisimple part of cr. Then the fixed points 
and stable subspaces of 7 coincide with those of u; and since r is semi- 
simple, the above theorem applies to 7. Thus B has a unique o-stable Cartan 
subalgebra. 
6. AUTOMORPHISMS AND CARTAN SUBALGEBRW OF 
W-RESTRICTED LIE ALGEBRAS 
DEFINITION. 2 is w-restricted if (ad 2)” C ad 9. (If p = 0, this is true 
for all 9). A subalgebra 8 of 9 is a w-restricted subalgebvu of 2’ if 
(ad, 8)’ C ad2 2% 
Note. Every Cartan subalgebra 6 of a w-restricted Lie algebra Y is a 
w-restricted subalgebra of 2’. [E.g., x E (f, implies that 6 (ad x), C 6; and 
since 8 is self-normalizing and (ad x)” E ad 2, this implies that 
(ad x)” E ad 61. 
LEMMA. Let 2’ be w-restricted and A-graded. Then if p = 0 or exponent 
A is p, p1 is a w-restricted subalgebra of 9. 
Proof. Let x be an element of 2Zr and suppose that (ad x)” = ad y. 
Then ad y stabilizes all of the 64, . Let y = C @yc with yc E 2Zc for all c. 
Then Y = YI + Y* where yh = Cczl 0 yc; and y* is central [as in the proof 
of part (b) of the lemma to Theorem 11. Thus 
(adx)“=ady=ady,Eadgi. 
Thus (ad 64,)P C ad 64, . 
THEOREM 5. Let 9 be w-restricted and let JV be a nilpotent Lie algebra of 
derivations of 9. Then J&(M) is a w-restricted subalgebva of 2’; and if 0 is a 
Cavtan subalgebva of Z&4’), 6p0 (ad 6) is a Cavtun subalgebva of 9. 
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Proof. We may assume without loss of generality that F is algebraically 
closed. Then the decomposition 9 = C Pa(.k’) gives 2 the structure of 
A-graded Lie algebra where A is of exponent p and Pi = 20(.4’). Now the 
first assertion follows from the above lemma; and the second follows from 
Theorem 1. 
The following result of Jacobson [4] is a direct consequence of the above 
theorem. The hypothesis that 9 be w-restricted cannot be dropped here. 
[See Section 7(e)]. 
COROLLARY 4. A w-restricted Lie algebra which possesses a nonsingular 
derivation is nilpotent. 
LEMMA. Every w-restricted Lie algebra dp has a Cartan subalgebra. 
Proof. This is clear if Y is nilpotent. Otherwise let x in 8 be an element 
such that ad x is not nilpotent (this exists by Engel’s theorem), and let 
&- = ad (xF). Then P&V) is a w-restricted Lie algebra of dimension less 
than dim 9 and has a Cartan subalgebra 8 by induction. Now 9s (ad 6) 
is a Cartan subalgebra of 8. 
LEMMA. Let G be an Abelian group of semisimple automorphisms of a 
w-restricted Lie algeara 9. Then SI(G) is a w-restricted subalgebra of 9. 
Proof. Let x be an element of 2r(G). Then x is a fixed point of G and 
ad x centralizes G. Since ad 9 = ad 9i(G) @ ad 9+&G) is the Fitting 
decomposition of ad dp with respect to the adjoint action of G (aa is easily 
seen by an extension of the base field), the centralizer of G in ad 9 lies in 
ad Pi(G). Thus (ad x)” E ad PI(G). 
DEFINITION. A finite group G is supersolvable if G has a sequence of 
normal subgroups Gi (i = l,..., n) such that G = Gr 2 *** 2 G, = (1) and 
such that G,/G,+, is cyclic for 1 < i < n - 1. 
The next theorem is proved at characteristic 0 in [I] for a slightly different 
class of groups G. 
THEOREM 6. Let 9 be w-restricted. Let G be a solvable group of semi- 
simple automorphisms of 9 such that G/Go is supersolvable. Then 9 has a 
Cartan subalgebra stable under G. 
Proof. This is clear if dim 9 = 1. Assume that the assertion is true for 
subalgebras of dimension less than dim 9’. If G = {l}, then 2 has a G-stable 
Cartan subalgebra by a lemma. Thus we may assume that G # (1). 
Suppose first that G is finite. Let u be a nonidentity element of G which 
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generates a cyclic normal subgroup of G. Then Yr(o) is a G-stable w-restricted 
subalgebra of 64 and G ) gr( u is supersolvable. Since Yr(a) g 2, dpl(u) has ) 
a Cartan subalgebra @i stable under G. Now dzg (ad S,) is a solvable G-stable 
subalgebra of dp (by Theorem 2), and consequently has a G-stable Cartan 
subalgebra @ii, (by Theorem 3). Thus ~?a (ad QJ is a G-stable Cartan sub- 
algebra of 8 by Theorem 5. 
Now suppose that G is infinite. Then G,, # (1) and Z1(GO) is a G-stable 
w-restricted subalgebra of 2 of dimension less than dim $4. G 1 gr(G,) is a 
finite supersolvable group of semisimple automorphisms of 6pl(G,,) and 
consequently Pr(G,) h as a Cartan subalgebra Q stable under G. Since 
Pi(G,) = gr( T) where T is the closure of G, , and since T is a torus, P0 (ad 6) 
is a G-stable Cartan subalgebra of 2 by Theorem 2. (In the above, the closure 
T of G,, is a torus by an argument used in the proof of Theorem 3). 
7. EXAMPLES AND OPEN QUESTIONS 
(a) In [8], V. A. Kreknin produces a function f : P---f P (where P is the 
set of positive integers) such that if a Lie algebra Y has a fixed-point-free 
automorphism of finite period n, then 2 (ftn)) = (0). In view of Theorem 2, 
this suggests the following question. Is there a function g from P x P into P 
such that if 0 is an automorphism of finite period n of a Lie algebra 2, and if 
si(u) has a Cartan subalgebra Q such that (ad 6)” = {0}, then 
Z. (ad @j)(g(m*n)) = {0} I
(b) If 2 is a solvable Lie algebra and G is a completely reducible group 
of automorphisms of .Y, does G stabilize some Cartan subalgebra of 9 ? 
(This is answered affirmatively at characteristic 0 in [9]; the proof breaks 
down at characteristic p because the tensor product of two completely 
reducible rational representations of G need not be completely reducible). 
(c) If Y is a nonnilpotent Lie algebra over an algebraically closed field F, 
does Aut 2 contain a torus of positive dimension I (The answer is “yes” at 
characteristic 0, since at characteristic 0 (Aut Z),, is a unipotent group if 
and only if Der 9 consists of nilpotent transformations.) 
(d) If u is a semisimple automorphism of a Lie algebra JZ over an alge- 
braically closed field F, does 2 have a Cartan subalgebra stable under u ? 
[The answer is “yes” if the characteristic is C&by [Z] and by Theorem 6; 
and using the fact that such a u stabilizes a maximal torus of Aut Y (see [13] 
or [14]), it can be shown by an induction argument that the answer is “yes” 
in general if the answer to (c) is “yes” in general (see [15], page 97)]. 
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(e) There is a solvable non-nilpotent Lie algebra 9 over any infinite 
field F of non-zero characteristic which has a nonsingular derivation. (Con- 
sequently the condition that 9 be w-restricted in Corollary 4 cannot be 
dropped). Thus let 2 be a (p + 1)-d imensional vector space with basis 
e, , e1 ,... , e, . Let ‘3 be the subspace spanned by ei ,..., e, . Define [ei, ej] = 0 
fori,j31,[e,,ei]=ej+,for1~i<p,[e,,e,]=e,.Then~isanon- 
nilpotent solvable Lie algebra. Let a be an element of F. Define D by: 
e,,D = e, , e,D=(a+i)e, for l<i<p. Then if a$(O,l,..., p-l} 
then D is nonsingular; and 9a+i(D) = e,F for 1 < i < p, Y;(D) = e,F. 
Thus the decomposition 3’ = C @ Tb(D) has the property that 
FW), %(D)l~ =&t&4 f or all b, d. Thus D is a derivation of 9. 
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